We theoretically explore the effect of metal and disulphur vacancies on electronic and optical properties of MoS2 and WS2 monolayers based on a Slater-Koster tight-binding model and including the spin-orbit coupling. We show that the vacancy defects create electronic flat bands by shifting the Fermi level towards the valence band, indicating that both types of vacancies may act as acceptor sites. The optical spectra of the pristine monolayers show step-like features corresponding to the transition from spin split valence band to the conduction band minimum, whereas the defective monolayers exhibit additional peaks in their spectra arising from induced midgap states in their band structures. We find that Mo and W vacancies contribute mostly in the low-energy optical spectrum, while the S2 vacancies enhance the optical conductivity mainly in the visible range of the spectrum. This suggests that depending on the type of vacancy, the atomic defects in MoS2 and WS2 monolayers may increase the efficiency of solar cells used in photovoltaic systems.
I. INTRODUCTION
Two-dimensional (2D) transition metal dichalcogenides (TMDs) have attracted increasing attention because of their unique physical and chemical properties 1, 2 . These materials with the general formula MX 2 have a layered structure in the form of X-M-X where M is a transition metal from group IV, V, or VI and X is a chalcogen. Due to their indirect-todirect bandgap and tunable electronic properties, they can be potentially used for many electronic and optoelectronic applications. For instance, MoS 2 and WS 2 monolayers with band gaps allowing absorption in the visible region of the electromagnetic spectrum can be utilized in field-effect transistors, solar cells, and electroluminescent devices [3] [4] [5] [6] . Due to the presence of spin-orbit coupling in monolayer of MX 2 , their valence band is split at the K-point of the Brillouin zone and therefore, direct transitions between the maxima of the split valence bands and the minimum of the conduction band can occur 3, [6] [7] [8] . In this regard, recent optical measurements of MoS 2 have shown two main peaks corresponding to A and B exciton bands which are related to such a spin splitting 6, 8 . In fact, the experimental absorption spectra have focused mainly on the A and B exciton transitions. Moreover, optical properties of pristine TMD monolayers have also been theoretically studied by several groups using first principles calculations [9] [10] [11] [12] , Slater-Koster tight-binding model 13, 14 and equation of motion approach 15 . On the other hand, structural defects, such as vacancies, dislocations, and grain boundaries have been observed in pristine TMD monolayers [16] [17] [18] . Application of these defects to improve the optoelectronic properties of the monolayers is highly desirable. Accordingly, atomic defects in TMD materials have been studied both theoretically and experimentally [19] [20] [21] [22] [23] . Vacancy defects in TMD monolayers can be created by thermal annealing and α particles 24 or electron and ion beam irradiation 17, 25, 26 . Introduction of these defects in the structures forms localized trap states in the bandgap region which lead to light emission at energies lower than the interband optical transition energy 24, 26 . In this context, Khan et al. 23 have recently studied optical susceptibilities of single-layer TMDs in the presence of vacancy defects using first-principles calculations. They showed that the localized defect states induce sharp transitions in optical susceptibility spectrum and a simple tight-binding model can reveal the essential features of the localized defect states in electronic band structures. The localized excitonic states related to vacancy defects can tune the band gap 27 and serve as single-photon emitters 21, 22 . Experimental observations have shown that monosulphur vacancies are the most abundant defects. However, their behavior as an acceptor 30 or a donor 1, 16, 28, 29, 31, 32 is still under debate. Indeed, charge transfer with substrate and also impurities such as rhenium which is present in the environment can play a significant role in the type of doping in TMD monolayers with S vacancies 30 . Nevertheless, the Mo and W point defects can make the system a p-type semiconductor 28, 30 .
In this work, based on a parameterized tight-binding model which includes the spin-orbit coupling and ignores the electron-hole interaction, we investigate the influence of metal and disulphur vacancy defects at two different concentrations on electronic and optical properties of MoS 2 and WS 2 monolayers. Although disulphur vacancies in TMD materials may lead to recombination of surface atoms and cause some distortions in the monolayer structures 17 , such effects are ignored in our theory. It is shown that the atomic defects strongly affect the joint density of states (JDOS) and optical properties of the pristine monolayers by inducing mid-gap states in the band structure of these materials. Moreover, the step-like features in the optical spectrum of defect-free structures, induced by spin-orbit coupling may change by introducing the vacancy defects. To do this, in Section 2 we introduce our model and formalism for calculation of electronic band structure, JDOS, and optical conductivity of the pristine and defective monolayers. Numerical results and discussion for both MoS 2 and WS 2 monolayers with different types and concentrations of vacancy defects are presented in Section 3. A brief conclusion is given in Section 4. 
II. MODEL AND FORMALISM
To study the electronic and optical properties of defective MoS 2 and WS 2 monolayers we use a six-band tight-binding approximation which is computationally inexpensive compared to other approaches such as 11-band method 33, 34 and non-orthogonal model with sp 3 d 5 orbitals 35 . The model is based on the three 4d-orbitals of the transition metal atoms (Mo/W), d xy , d x 2 −y 2 , and d 3z2−r 2 with dominant contribution in the valence and conduction bands of MX 2 monolayers around the Fermi energy, and also the symmetric (antisymmetric) combinations of 3p-orbitals of the top and bottom chalcogen atoms S, i.e., p x , p y (p z ) 14, 33, 34, 36 . The basis vector for electrons with spin σ =↑, ↓ can be expressed as
where
y, z, and t(b) refers to the top (bottom) chalcogen atom. In order to model a defective MX 2 monolayer with different vacancy concentrations the structure is partitioned into n × n supercells each containing n 2 unit cells where n is an integer number. Fig.  1 (a) shows a 5×5 supercell containing X or M vacancies. An atomic vacancy can be modeled by removing one X or M atom from each supercell without any relaxation of atomic positions. Considering the basis set in Eq. (1), the tight-binding Hamiltonian of the MX 2 monolayers can be written as
with
where H SK and H SO represent the Slater-Koster tightbinding Hamiltonian 37 and the spin-orbit coupling term, respectively, and 1 is the 2 × 2 identity matrix for spin of electron. Here, b † iα (b iα ) is the creation (annihilation) operator for an electron in the atomic orbital α at i-th atom, ϕ iα , with on-site energy ǫ iα . The interatomic hopping parameters, t iα,jβ = ϕ iα |H SK |ϕ jβ , between atomic orbitals ϕ iα and ϕ jβ depend on the Slater-Koster TB parameters and directional cosines of the vector connecting the corresponding atoms. These parameters are related to hopping processes between nearest neighbors M-M, X-X, and M-X. See vectors a i and δ i (i=1, 2, and 3) in Fig. 1(a) . The hopping terms between next nearest neighbors are ignored in this model. In Eq. 4, τ are the Pauli spin matrices, L i is the atomic angular momentum operator, and λ i is the intra-atomic spin-orbit coupling constant which depends on the type of atom i. The spin-orbit coupling leads to a strong spin-splitting in the valence-band maximum (VBM), especially in WS 2 monolayers 38 . Therefore, the inclusion of this interaction which is necessary for obtaining the correct band structures can affect optical spectrum of the TMD monolayers by inducing new optical transitions.
The spin-dependent Hamiltonian in k-space for a pristine MX 2 monolayer is given by H = k,σ H(k, σ) with
where E M(X) , T
MM(XX) i
, and T MX i are 3 × 3 k-independent matrices. These matrices depend on the Slater-Koster parameters only and are given in Ref. [14] . Note that although the band structures of pristine MoS 2 and WS 2 presented in Ref. [14] are correct, the given Slater-Koster parameters therein cannot reproduce the correct band structure of WS 2 . Therefore, the parameters for MoS 2 and WS 2 monolayers with a minor correction are given in Table. I.
To investigate the optical response of a defective TMD monolayer to a linearly polarized light we study joint density of states (JDOS) and real part of optical conductivity. The JDOS provides a measure of the number of allowed optical transitions between the occupied electronic states of the valence band and the unoccupied electronic states of the conduction band separated by energy ω:
where ω is the light frequency and ε
is the transition energy between occupied band n and empty band m. Therefore, the JDOS represents the number of states that can undergo energy and k-conserving (direct) transitions for photon frequencies between ω and ω + dω.
Moreover, in the electric-dipole approximation, the momentum matrix element for an interband electronic transition from the eigenstate |n, k, σ in an occupied band to the eigenstate |m, k, σ in an empty band is given by p σ x,mn = m, k, σ|p x |n, k, σ which is assumed that the electromagnetic field is along the x-direction. The momentum operator is given byp = (m/ )∇H(k, σ). Note that the matrix elements p σ x,mn determine whether the transition is allowed or forbidden. A zero momentum-matrix element means a forbidden transition. However, the transition is allowed when the symmetry of p σ x,mn spans the totally symmetric representation of the point group to which the unit cell belongs. Therefore, the real part of optical conductivity can be obtained from the Kubo formula 39 ; i.e.,
where e is the electron charge and m is the electron mass. The two-dimensional integral is carried over the first Brillouin zone.
Note that the Dirac delta function in Eqs. (8) and (9) is approximated by a Lorentzian function with a broadening factor of 0.005 eV. In addition, we use a 500 × 500 k-point mesh for accurate Brillouin zone integrations. 
III. RESULTS AND DISCUSSION
To study the influence of atomic vacancy defects on the electronic and the optical properties of MoS 2 and WS 2 monolayers we first discuss the band structure, JDOS, and optical conductivity of the pristine monolayers. Figs. 2(a) and (b) show the band structures with the projection of spin operator in the energy range of |E| ≤ 2.3 eV for MoS 2 and WS 2 monolayers, respectively. The splitting of the valence band at the K point in WS 2 is more than two times larger than that in MoS 2 , which makes WS 2 monolayers a potential candidate for spinand valley-based electronic devices 40 . Note that the order of spin bands in the band structures along Γ-K ′ -M (not shown here) will flip compared to those along the Γ-K-M lines 32 . This feature leads to a valley-selective optical absorption using a circularly polarized light which may cause optically induced valley and spin Hall effects 41 . The difference in the valence band spin-splitting between MoS 2 and WS 2 monolayers is directly reflected in their JDOS and optical spectra, as shown in Figs. 2(c) and 2(d) . The interband transitions from the valence bands to the conduction bands can produce plateaus (shoulders) at lower energies and a series of sharp peaks at higher energies in the optical spectra which are attributed to the van Hove singularities in the JDOS, shown in the insets of Fig. 2 . The arrows, marked by A, B, C, and D in the band structures of the two compounds, are related to some of these transitions. Comparison of the van Hove singularities in the JDOS with the plateaus and sharp peaks in the optical conductivity reveals that the related optical transitions of the pristine monolayers in the given energy range are all allowed. The interband transitions A and B correspond to the direct excitonic transitions which have been observed in the photoluminescence measurements 3, 42 . Note that in order to qualitatively treat the excitonic effects in 2D materials such as monolayers MoS 2 and WS 2 , the effective Coulomb inter- action between electrons and holes should be included in the theory 13 .
It is worth mentioning that although the momentum matrix elements p σ x,mn and p σ y,mn have different k-dependencies, the k integral over the whole Brillouin zone in the Kubo formula 39 gives the same optical conductivities σ xx (ω) and σ yy (ω), indicating that the optical spectra of pristine MX 2 monolayers are isotropic. Such a feature has also been reported for graphene at low and high frequencies 43 .
Now, we investigate the influence of Mo, W, and S 2 vacancies on the optical properties of the layered structures. To control the vacancy concentration, we use the supercell approach in which a perfect monolayer is described as an infinite periodic array of n × n supercells 32 . Then a vacancy defect is created by removing one atom from each supercell without any change in the symmetry of the lattice (see Fig.  1(a) ). Note that in the supercell approach the corresponding Brillouin zone shrinks in size and the bands get folded. We refer to a single Mo(W) vacancy as V Mo(W) , whereas vacancies of two sulphur atoms (one at the top layer and the other at the bottom layer of MX 2 ) attached to the same Mo/W atom are denoted as V S2 (see Fig. 1 19 induce several narrow (flat) bands for each spin subband around zero energy in the band structures 44 . Although the midgap states are almost degener- ate, the spin splitting in the valence bands makes some of the interband transitions spin dependent (e.g., see transition C in Fig. 3(a) ). The tendency of defect states in Fig. 3(a) towards the valence band predicts the p-type semiconducting behavior by introducing Mo vacancies in this structure. For the case of V S2 , however, there is a tendency towards the primary conduction band (see Fig. 3(b) ). We should mention that the position of Fermi energy, shown in the figures, is determined by counting the number of electrons that the atoms in the supercell provide. These electrons fill up the lowest spin dependent energy bands and hence, the Fermi level lies between the highest occupied band and the lowest unoccupied band. In other words, since the energy bands are spin dependent, all the bands below the Fermi energy are singly occupied. Optical conductivity and JDOS of MoS 2 monolayer with V Mo and V S2 are depicted in Figs. 3(c) and (d) , respectively. Some interband transitions in the band structures, marked by A, B, and C are shown in the optical spectra. The optical transitions for the structure with V Mo can occur at photon energies ω ≥ 0.6eV, whereas, these transitions for the monolayer with V S2 start at ω = 0.84eV. Due to more flat bands in the band gap, the sulphur vacancies induce more plateaus compared to V Mo . Moreover, the joint densities of states show different features compared to the optical spectra, indicating that there are considerable forbidden transitions in the defective MoS 2 spectrum as discussed above.
The band structures of WS 2 monolayers with V W and V S2 are shown in Figs. 4(a) and (b) . We see that the difference between the valence band maximum and the lowest defect state in energy is almost the same for both vacancies. Although there is a tendency towards valence band for the V W -related midgap states, such a tendency is weaker for the V Mo -related states in MoS 2 monolayer. On the contrary, the energy difference between the conduction band minimum and the highest V S2 -related state is almost the same as that between the valence band maximum and the lowest midgap state. Optical conductivity and the joint densities of states are shown in Figs. 4(c) and (d). As can be seen, the energy of first interband transition (marked A) is almost the same for V W and V S2 in WS 2 structure. Due to the V S2 -related flat bands in the band gap, the optical conductivity spectrum exhibits mainly a step-like behavior for photon energies ω ≤ 1.2 eV, compared to that for the monolayer with V W . This feature can also be seen in the JDOS of the structure containing V S2 . Again, there are some forbidden optical transitions in the defective structures with whether W or S 2 vacancies, due to the remarkable differences between joint densities of states and the optical spectra.
The optical conductivity can sharply reach a high value at low-energy spectrum when W vacancies are introduced. In this case, an optical transition, marked B in Figs. 4(a) and (c), from valence band to midgap states occurs. However, in the case of S 2 vacancies the conductivity increases sharply when a transition from valence band to conduction band happens (see the transition C in Fig. 4(b) and(d) ). Qualitatively, similar features can also be seen in the optical spectra of the defective MoS 2 structure (see Fig. 3 ). This suggests that the metal vacancies contribute mainly in the low-energy optical spectrum, while the disulphur vacancies contribute mainly in the transitions with higher energies. Therefore, depending on the type of vacancy, the atomic defects in MoS 2 and WS 2 monolayers as sunlight absorbers may increase the efficiency of solar cells used in photovoltaic systems 45 .
We have also performed the tight-binding calculations on a smaller supercell, i.e., 4 × 4, which corresponds to the higher vacancy densities ∼ 7.2 × 10 13 cm −2 (V Mo/W ) and 14.4 × 10 13 cm −2 (V S2 ). The joint densities and optical conductivity spectra for the monolayers with Mo, W, and S 2 vacancies are depicted in Fig. 5 . At higher defect densities the hybridization of vacancy electronic states increases due to the reduction of spatial separation between the vacant sites. As a result, the energy of midgap states are shifted compared to that at low defect concentration. To see this feature one can compare the energies at which the first optical transition (or the first van Hove singularity in the joint densities of states) occur in the defective structures with 5 × 5 and 4 × 4 supercells. In the structures with 4×4 supercells, the energies of first optical transitions, marked by red and blue arrows in Fig. 5 , increase by 43 meV and 61 meV for Mo and W vacancies, respectively, compared to those in Figs. 3 and 4 . On the other hand, the first transition for WS 2 structure with S 2 vacancies is 65 meV higher than that in Fig. 4 , while it occurs 15 meV lower than that in Fig. 3 . Therefore, with increasing the density of metal vacancy in both structures or the density of S 2 vacancy in WS 2 structure, the defect states shift towards the conduction band, indicating that the tendency of p-type semiconducting for these types of vacancies decreases with increasing the defect concentration. The position and the strength of optical peaks in Figs. 5(c) and (d) confirm our above discussion that the metal vacancies considerably increase the optical conductivity when the energy of photons is less than the bandgap of the host structures, while the S 2 vacancies enhance the optical conductivity mainly in the visible range of the electromagnetic spectrum. Since the vacancy defects are unavoidable during the synthesis of MX 2 monolayers, these results are of great practical importance.
It is worth mentioning that the metal and disulphur vacancies do not induce any magnetic moments in MoS 2 and WS 2 monolayers 28, 46 . By applying a tensile strain 46 or substitutional doping 28 , however, one can change the magnetic properties of these defective structures. Moreover, although the localized midgap states can act as scattering centers and strongly affect electron transport through the material 47 , these defect states are responsible for an increase in photoluminescence intensity 24 . In other words, the defective structures can emit stronger light and are promising for optoelectronic device applications such as light emitting diodes.
IV. CONCLUSION
Based on Slater-Koster six-band tight-binding model and including the spin-orbit coupling, we have studied the effect of Mo, W, and disulphur vacancies on electronic and optical properties of MoS 2 and WS 2 monolayers. It is shown that the defect states induce flat bands in the bandgap and shift the Fermi level towards the valence band, suggesting that these vacancies may act as acceptor sites. Moreover, the localized midgap states have the potential to activate new optical transitions with energies less than the bandgap of pristine structures. We found that although the electronic behavior of MoS 2 and WS 2 monolayers in the presence of both types of metal and disulphur vacancies are almost the same, contributions of the metal and disulphur vacancies in the optical conductiv-ity occur in different ranges of incident photon energy. The disulphur defects activate the optical spectrum in the visible range, while the Mo and W vacancies activate the conductivity mostly at low energies. Therefore, our findings are able to reveal some electronic and optical features of the defective MoS 2 and WS 2 monolayers using a six-band tight-binding model which is less computationally demanding than the traditional ab initio methods.
